We give explicit formulas for the number of distinct elliptic curves over a finite field, up to isomorphism, in two families of curves introduced by C. Doche, T. Icart and D. R. Kohel.
Introduction
An elliptic curve is a smooth projective genus 1 curve, with a given rational point. Traditionally, an elliptic curve E over a filed F is represented by the Weierstrass equation
where the coefficients a 1 , a 2 , a 3 , a 4 , a 6 ∈ F. Elliptic curves can be represented by several other models (see [1, Chapter 13] or [8, Chapter 2] ). In the past few years, these alternative models have been revisited duo to cryptoraphic applications. Moreover, some new families of elliptic curves have been proposed following the cryptographic interests. In the cryptographic settings the curves are usually considered over finite fields F q of q element.
In this work, we first consider the family of elliptic curves introduced by C. Doche, T. Icart and D. R. Kohel [2] over finite fields F q of characteristic p ≥ 5
where u = 0, 9/4. Doche et. al. have build this family of elliptic curves for which the isogeny of multiplication by three splits into 2 isogenies of degree 3. In this way, they proposed more efficient tripling formulas leading to a fast scalar multiplication algorithm. Notice, an elliptic curve defined over F q with a rational 3-torsion subgroup can be expressed in the latter form (up to twists). They also proposed another family
where u = 0, 64 and p ≥ 3. This family represents elliptic curves defined over F q with a rational 2-torsion subgroup (up to twists). Accordingly a natural question arises about the number of distinct (up to isomorphism) elliptic curves over F q in above families (2) and (3). Farashahi and Shparlinski [5] , using the notion of the j-invariant of an elliptic curve, see [1, 7, 8] , gave exact formulas for the number of distinct elliptic curves E T,u over F q (up to isomorphism over the algebraic closure of F q ) when u ∈ F q \ {0, 9/4}. In addition, the exact formulas for the numbers of distinct elliptic curves over a finite field F q in several families are provided in [3, 4] . We notice, the formulas given in [5, 3, 4] are exactly given in terms of q. Accordingly, the open question of [5] is whether there is explicit formula for the number of distinct elliptic curves (up to isomorphism over F q ) in the family (2) . We answer this question with explicit estimates for the number of F q -isomorphism classes in the families of Doche, Icart and Kohel. The interesting point is the numbers of F qisomorphism classes of the families (2) and (3) depends not only on q but also on the number of F q rational points of some corresponding curve. In fact, we have interesting examples of families of elliptic curves where the number of F q -isomorphism classes of the family is given approximately by Hasse-Weil bound. Our counting proof techniques are slightly different in both families (2) and (3) .
Throughout the paper, for a field F, we denote its algebraic closure by F and its multiplicative subgroup by F * . The letter p always denotes a prime number and the letter q always denotes a prime power of p. As usual, F q is a finite field of size q. Let χ 1 denote the principal character in F q where p ≥ 5. Let χ 2 denote the quadratic character in F q , where p ≥ 3. Then, for any q where p ≥ 3, we have u = w 2 for some w ∈ F inequality |U| ≤ cV with some constant c > 0. The cardinality of a finite set S is denoted by #S.
where
Similarly, the j-invariant of E D,u given by the equation (3) is obtained as
We use J T (q) and J D (q) to denote the numbers of distinct j-invariants of the elliptic curves defined over F q in the families (2) and (3) respectively. We have, [5, Theorem 9],
In Theorem (5) we provide the number J D (q) for any finite field F q of characteristic p ≥ 3.
An F q -isomorphism class of elliptic curves in a given family may be an F q -isomorphism class or divide into two or more F q -isomorphism classes. The former occurs when all elliptic curve in the F q -isomorphism class are F q -isomorphic to each others, and the latter occurs if at least two elliptic curves in the class are not F q -isomorphic, i.e., this happens if there are non trivial quadratic twists in the F q -isomorphism class. Therefore, in a given family the number of F q -isomorphism classes may not be so related to the number of F q -isomorphism classes. In this paper, we use I T (q) and I T (q) to denote the numbers of F q -isomorphism classes of the families (2) and (3) respectively. And, in the next sections we give explicit formulas for these numbers.
3 Tripling Doche-Icart-Kohel curves
Preliminaries
We consider the curves E T,u given by (2) over a finite field F q of characteristic p ≥ 5. Notice, u / ∈ {0, 9/4}, since the curve E T,u is nonsingular. Then, the j-invariant j(E T,u ) = F (u) where
We recall that two elliptic the curves E T,u and E T,v are isomorphic over F q if and only if they have the same j-invariants. So, the number of distinct elliptic curves E T,u up to isomorphism over F q equals the number of distinct values F (u), for all u ∈ F q \ {0, 9/4}. To compute this number, we consider the bivariate rational function F (U) − F (V ) = g(U, V )/h(U, V ) with two relatively prime polynomials g and h. We see that
For a fixed value u ∈ F q \ {0, 9/4}, let g u (V ) = g(u, V ) and let
be the discriminant of g u . Furthermore, we let
Moreover, for u ∈ F q \ {0, 9/4} , we let
Clearly, we have J T,u = Z u ∪ {u}. We let
Recall from [5, Lemma 6] , that for u ∈ F q \ {0, 9/4} with ∆ u = 0 we obtain
(6) For the particular case of ∆ u = 0, we have J T,u = {u} if u = 2 and J T,u = {u, −u + 3} if 2u 2 − 6u + 3 = 0. The former case occurs for the elliptic curve E T,u with j(E T,u ) = 0 and the latter case corresponds with elliptic curves E T,u with j(E T,u ) = 1728.
We partition the set F q \ {0, 9/4} into the following sets:
The cardinalities of above sets are provided in Table 1 [5, Table 7 ], where we let q ≡ r (mod 12).
Furthermore, from [5, Lemmas 7, 8] , for all u ∈ F q \ {0, 9/4} we have Next, for the number J T (q) of F q -isomorphism class of elliptic curves in the family (2), that is the cardinality of the image of the polynomial F given by (5), we have
Next, using Table 1 , a precise formula for the number of distinct curves of the family (2) is obtained (see [5, Theorem 9] ). Theorem 1. For any finite field F q of characteristic p ≥ 5, for the number J T (q) of distinct values of the j-invariant of the family (2), we have
Notice, that elliptic curves E T,u and E T,v , where v ∈ J T,u , may not be isomorphic over F q . So, for a fixed value u ∈ F q \ {0, 9/4}, we let
Clearly, for all u ∈ F q \ {0, 9/4}, we have I T,u ⊆ J T,u . To count the number of distinct F q -isomorphism classes of elliptic curves E T,u , for all u ∈ F q \ {0, 9/4}, we need to find the number of distinct sets I T,u . Therefore, first we shall obtain the cardinalities of the sets I T,u , for all u ∈ F q \ {0, 9/4}.
We recall that the short Weierstrass model of the elliptic curve E T,u is given by (4) as
. Let u ∈ F q \ {0, 9/4} and let v ∈ I T,u , where v = u. Therefore, v ∈ J T,u . So, from (6) we have, v = − (u − 6 − wu + 2(u − 3)/w) /3, where w 3 = ψ(u) = 2(4u − 9)/u. Since the elliptic curves E T,u and E T,v are isomorphic over F q , their Weierstrass models E W,u and E W,v are F q -isomorphic. We have
is a quadratic residue in F q . Therefore, if E T,u ∼ = Fq E T,v then w is the nonzero x-coordinate of an F q -rational point on the elliptic curve E : Y 2 = 3X(X + 1)(X − 2).
On the other hand, if w is the nonzero x-coordinate of an F q -rational point on the elliptic curve E and if we let u, v be distinct elements of F q \ {0, 9/4} such that
In other words, we have the following Lemma 2.
Lemma 2. For all distinct elements u, v ∈ F q \ {0, 9/4}, we have E T,u ∼ = Fq E T,v if and only if we have
for some w ∈ F q with χ 2 (3w(w + 1)(w − 2)) = 1.
The number of curves in the family (2)
In this section, we look into the number of F q -isomorphism classes of tripling Doche-IcartKohel curves. The estimate for the number I T (q) of F q -isomorphism classes of this family is given by
Furthermore, in the next theorem we provide explicit formulas for the number of F qisomorphism classes of Doche-Icart-Kohel curves.
Theorem 3. For any finite field F q of characteristic p ≥ 5, for the number I T (q) of F q -isomorphism classes of the family (2), we have
where N 1 is the number of F q -rational affine points of the curve C given by
where ζ is a nontrivial cubic root of the unity in F q where q ≡ 1 (mod 3), and N 2 is the number of F q -rational points of the Legendre curve
Proof. Let J T be the set of j-invariants of the elliptic curve E T,u for all u ∈ F q \ {0, 9/4}. For a ∈ F q , let i T (a) be the set of distinct F q -isomorphism classes of elliptic curves E T,u with j(E T,u ) = a. Clearly, #i T (a) = 0, if a ∈ J T . Therefore, we have
Notice that, for a ∈ J T , the cardinality of the set i T (a) equals 1 or 2. Let T be the set of all a ∈ J T where all elliptic curves E T,u with j-invariant a are F q -isomorphic to each others. In other words, we have
Then, #i T (a) = 2 if a ∈ J T \T . Thus,
Next, we compute the cardinality of the set T . We recall the partition of the set
given by (7). For i = 1, 2, 3, let
and for i = 1, 2 we let
Then, from (8), we have
If u = 2 ∈ B 1 then j(E T,u ) = 0 and J T,u = {u}. Thus, #i T (0) = 1 and # B 1 = 1. If u ∈ B 2 i.e., 2u
2 − 6u + 3 = 0, then j(E T,u ) = 1728 and J T,u = {u, −u + 3}. The short Weierstrass model of E T,u is given by (4) as E W,u :
. We see that a u = −a −u+3 . So, the elliptic curves E T,u and E T,−u+3 are F q -isomorphic if and only if −1 = w 4 for some w ∈ F * q . The latter is equivalent to have q ≡ 1 (mod 8). Also, we recall from Table 1 If u ∈ A 1 , by (8) we have #J T,u = 1. So, #i T (a) = 1, where a = j(E T,u ). Therefore, for all u ∈ A 1 we have j(E T,u ) ∈ T . Thus
w ) and w 3 = ψ(u) = 2(4u − 9)/u where w ∈ F q . Notice that w is uniquely determined by u, since q ≡ 2 (mod 3). Furthermore, from Lemma 2, E T,u ∼ = Fq E T,v if and only if we have χ 2 (3w(w + 1)(w − 2)) = 1.So, j(E T,u ) ∈ T if and only if χ 2 (3w(w + 1)(w − 2)) = 1. Therefore,
Let L be the elliptic curve over F q given by L : Y 2 = 3X(X + 1)(X −2). Let P = (x, y)be a point of L(F q ) with y = 0. Let u = −18
. Then, u = 0, 2, 9/4. Furthermore, 2u
2 −6u+3 = 0.
Since if 2u
2 − 6u + 3 = 0, then 3 is a quadratic residue in F q where q ≡ 11 (mod 12). And, we have x 2 + 2x − 2 = 0 and 3x(x + 1)(x − 2) = −9x 2 , which contradicts χ 2 (−1) = −1. Therefore, u ∈ A 2 and u ∈ A 2 . In other word, for q ≡ 2 (mod 3),
The latter means, # A 2 = (#L(F q ) − 4)/2 if q ≡ 2 (mod 3). In addition,the elliptic curve L is F q -isomorphic to the Legendre curve L and we have
If u ∈ A 3 , then u ∈ F q \ {0, 2, 9/4} where q ≡ 1 (mod 3), and 2u 2 − 6u + 3 = 0, χ 3 (ψ(u)) = 1. From (8) we have #J T,u = 4. So, we write J T,u = {u, v 1 , v 2 , v 3 }, where for i = 1, 2, 3,
) and w 3 i = ψ(u) = 2(4u − 9)/u. Here, w 1 , w 2 , w 3 are cubic roots of ψ(u) in F q . By Lemma 2, E T,u ∼ = Fq E T,v i if and only if we have χ 2 (3w i (w i + 1)(w i − 2)) = 1. So, j(E T,u ) ∈ T if and only if χ 2 (3w i (w i + 1)(w i − 2)) = 1 for i = 1, 2, 3. For simplicity, we let w = w 1 . And, we have w 2 = ζw, w 3 = ζ 2 w. Therefore,
Clearly, A 3 ⊂ A 3 . Now, let P = (x, y, z, w) be an affine point of C(F q ) with yzw = 0. So,
. Then, u = 0, 2, 9/4. So, u ∈ A 3 if 2u 2 − 6u + 3 = 0. Thus,
In addition, if 2u 2 − 6u + 3 = 0 then 3 is a quadratic residue in F q where q ≡ 1 (mod 12). And, we have x 2 + 2x − 2 = 0. Then, 3x(x + 1)(x − 2) = 9x 2 β 2 and for i=1,2,
where β = (x + 1)(2ζ + 1)/3. Notice that β 2 = −1. Then
We note that χ 2 (β) = 1 if and only if q ≡ 1 (mod 8). Therefore, we have 2u 2 − 6u + 3 = 0 if and only if q ≡ 1 (mod 24) and in this case u ∈ A 3 and u ∈ A 3 . So, we have
We consider the map τ : C(F q ) → F q by τ (P ) = x 3 that is a 24 : 1map for affine points P = (x, y, z, w) with yzw = 0. And, there are 25 points P = (x, y, z, w) on C(F q ) with yzw = 0. So, # A 3 = (#C(F q ) − 25)/24.
In summary, the cardinalities of sets A i , for i = 1, 2, 3, and B i , for i = 1, 2, are provided in Table 2 .
q ≡ 1 (mod 24) Now, recall that I T (q) = 2J T (q) − #T . Next, using Theorem 1 and (9), we compute I T (q) and conclude the proof.
4 Doubling Doche-Icart-Kohel curves
Preliminaries
We consider the curves E D,u given by (3) over a finite field F q of characteristic p ≥ 3. Notice, u / ∈ {0, 64}, since the curve E D,u is nonsingular. The j-invariant j(E D,u ) = F (u) where
Let G be the bivariate function
, and g be the numerator of G given by
For u ∈ F q \ {0, 64} we define the polynomial g u by g u (V ) = g(u, V ), and denote it's discriminant by ∆ u and the set of its F q roots by Z u . So, we have
Recall that two elliptic curves E D,u and E D,v are isomorphic over F q if and only if they have the same j-invariant. In other words, they are F q -isomorphic if and only if g u (v) = g(u, v) = 0, where u = v.
For u ∈ F q \{0, 64}, let
and let N q be the set of all F q -isomorphisms between distinct elliptic curves in the family (3) and let n q = #N q . Similarly, let n q = #N q , where N q is the set of all F q -isomorphisms between distinct elliptic curves in this family. For i = 1, 2, 3, let
Number of F q -isomorphism classes in family (3)
In this section, we compute the number of distinct doubling Doche-Icart-Kohel curves up to twists. For u = 0, 64, 48, where ∆ u equals zero, we have
Also for u = 72 (appeared in g 0 ), we have
For all other values of u, #J u = 3 if and only if g u has roots in F q that is equivalent to where ∆ u , the discriminant of g u , is a quadratic residue in F q .
Lemma 4. The number c 3 of F q -isomorphism classes of cardinality three is given by
Proof. In order to find the number of F q -isomorphism classes of cardinality three, we need to enumerate u ∈ F q \{0, 64} so that ∆ u is a quadratic residue in F q . We instead count the number of points (u, z) of the curve 
The above curve has q − 1 points. However, for every u ∈ F q \{0, 48, 64, 72} that ∆ u is a quadratic residue, there are two possible values of z. Additionally, every F q -isomorphism class of cardinality three is counted three times. Hence
Theorem 5. For any finite field F q of characteristic p ≥ 3, for the number J D (q) of distinct values of the j-invariant of family (3), we have
Proof. Since there are only classes of cardinality three and one, we have
Replacing the values of c 3 according to lemma (4) in the following equation completes the proof.
4.3 Number of F q -isomorphism classes in family (3) Here, we provide the explicit formulas for the number of F q -isomorphism classes of doubling Doche-Icart-Kohel curves. The estimate for the number I D (q) of F q -isomorphism classes of this family is given by
In order to have I D (q) explicitly, we compute the number of those F q -isomorphism classes where split into two F q -isomorphism classes.
In fact (u, v) uniquely determines (a 2 , b) and vice versa.
Proof. Suppose E D,u and E D,v are F q -isomorphic, according to [7] they are isomorphic over F q , if and only if there is an elliptic curve isomorphism ψ and elements a, b ∈ F q such that
and
Since restrictions on u and v, and properties of ψ imply that a = 0 and b = 0, −16, −24, −32, the proof is complete. Now, one can see a one to one correspondence between points of S and F q -isomorphisms of family (3) injectively maps S to γ :
Furthermore, all the points on γ are images of points on S except for (a ′ , b ′ ) = (0, −3/4) that is corresponded to b = −24. Hence we have the set E of exceptional points on γ
If p = 3, simplifying S we have the curve γ : a 2 = −b + 1 which has q points. But similar to the previous situation, points listed below are not allowed.
So,
In lemma (6) , whether E D,u and E D,v are F q -isomorphic or not, equations (12) and (13) have two pairs of solutions (±a, b) ∈ F 2 q that are correspondent to the two F q -isomorphisms from E D,u to E D,v . Therefore, there are twelve F q -isomorphisms between distinct curves in a cardinality three F q -isomorphism class (two isomorphisms for each two-permutation of three F q -isomorphic curve). So n q = 12c 3 .
Since every two F q -isomorphic curve are either F q -isomorphic or nontrivial quadratic twists of each other, every F q -isomorphism class of size three either splits into one or two F qisomorphism classes. Therefore, there are either four or twelve F q -isomorphisms between distinct curves in every F q -isomorphism class of size three. In other words, every eight F q -isomorphisms that are not F q -isomorphisms, increase the number of F q -isomorphism classes by one. Hence
Theorem 7. For any finite field F q of characteristic p ≥ 3, for the number I D (q) of F q -isomorphism classes of the family (3), we have
where N is the number of F q -rational points on the elliptic curve
Proof. According to (15),
Replacing the values of n q and n q completes the proof.
Conclusion
In this paper, we give explicit formulas for the number of distinct elliptic curves over a finite field, up to isomorphism, in two families (2) and ( We recall [2] that for F q of characteristic p ≥ 5 the family (2) is the family of elliptic curves defined over F q with a rational 3-torsion subgroup (up to twists). In other words the formulas provide the number of F q -isomorphism classes of the family of elliptic curves over F q with a rational 3-torsion point. In addition, an elliptic curve with a point of order 3 is birationally equivalent to a generalized Hessian curve. The exact number of distinct elliptic curves with a point of order 3 up to isomorphism is also provided by [3] . And, the the number of F q -isomorphism classes of the family of elliptic curves over F q with a rational 3-torsion point is given by ⌊(3(q + 3)/4⌋ if q ≡ 1 (mod 3), q − 1 if q ≡ 2 (mod 3).
The interesting result of this paper is Theorem (3) Therefore, the family of Doche, Icart and Kohel does not cover all F q -isomorphism classes of elliptic curves with a point of order 3. And, the more intrusting point is that the number I T (q) is estimated by Hasse-Weil bound. This family represents elliptic curves defined over F q with a rational 2-torsion subgroup (up to twists). Moreover, the number of F q -isomorphism classes of the family of elliptic curves over F q with a rational 2-torsion point is given by In conclusion, we studied interesting examples of families of elliptic curves with a small subgroup where the number of F q -isomorphism classes of the family is not exactly given by the size of the finite field and it is estimated by Hasse-Weil bound.
